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Abstract. The hydroelastic response of a thin, nonlinear, elastic strip floating in shalow-water 
environment is studied by means of a special higher order finite element scheme. Considering 
non-negligible stress variation in lateral direction, the nonlinear beam model, developed by 
Gao, is used for the simulation of large flexural displacement. Full hydroelastic coupling 
between the floating strip and incident waves is assumed. The derived set of equations is 
intended to serve as a simplified model for tsunami impact on Very Large Floating Structures 
(VLFS) or ice floes. The proposed finite element method incorporates Hermite polynomials of 
fifth degree for the approximation of the beam deflection/upper surface elevation in the 
hydroelastic coupling region and 5-node Lagrange finite elements for the simulation of the 
velocity potential in the water region. The resulting second order ordinary differential 
equation system is converted into a first order one and integrated with respect to time with the 
Crank-Nicolson method. Two distinct cases of long wave forcing, namely an elevation pulse 
and an N-wave pulse, are considered. Comparisons against the respective results of the 
standard, linear Euler-Bernoulli floating beam model are performed and the effect of large 
displacement in the beam response is studied.   
1 INTRODUCTION 
The hydroelastic interaction problem of free surface gravity waves with large, floating 
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bodies is found in numerous applications, ranging from the design and construction of marine 
structures to the response analysis of ice formations. Advances is marine technology, along 
with the growing need for commercial space in the condensed coastal areas has led to the rise 
of Very Large Floating Structures (or VLFS). Nowadays, VLFS are used, both near shore and 
in the open ocean, as energy plants, docking stations, storage facilities and even as floating 
airports and recreational amenities [1]. The analysis of such marine structures, is an important 
stepping stone towards robust design and construction [1-3]. 
Hydroelastic analysis is also relevant in the case of large ice floes under ocean wave 
excitation [4]. The continuous oscillatory, flexural motion undergone by large ice formations 
lead to their eventual splitting and disintegration. The demise of the Marginal Ice Zone (MIZ), 
the boundary between ice shelves and the open ocean occupied predominantly by ice floes, is 
linked with wave forcing [5]. In absence of a dense MIZ sums of wave energy reach the ice 
shelves leading to collapse events with profound environmental impact. 
As already mentioned, both of the above problems have their foundations set in 
hydroelasticity [1-4]. Their large horizontal dimensions compared to thickness, make 
hydroelastic effects dominant. Large floating structures are most commonly modelled in the 
literature as plates with zero or non-zero draft. The Kirchhoff thin plate theory is employed in 
the majority of works [6-8], while some consider the Reissner-Mindlin and Von Karman plate 
models accounting for shear deformation and large deflection effects [9-114].  
For the hydrodynamic modelling, typically the linearised wave theory is utilised. When 
dealing with harmonic excitation eigenfunction expansion methods [12], Galerkin schemes 
[13] and Green functions have been employed for the solution of the hydroelastic problem in 
the frequency domain. However, the consideration of irregular loading dictates time domain 
analysis tools, such as direct integration schemes [14] and Fourier transforms [15]. 
Considering long wave excitation, Sturova [16], developed an eigenfunction expansion 
technique for the calculation of the dynamic response of a floating, thin, elastic plate of 
variable thickness over shallow bathymetry regions. Following the same line work, 
Papathanasiou et al. [17] consider a higher order finite element scheme for the solution of the 
transient hydroelastic problem posed by a thin, elastic, heterogeneous beam floating over 
shallow waters.  
Since large floating bodies are expected to span over great distance, the effects of variable 
bathymetry must also be taken into account. Belibassakis and Athanassoulis [18] derived a 
consistent coupled mode method for the hystroelastic analysis of a thin floating body over 
general bathymetry, exhibiting continuous variation. In [19] and [20] the authors extended 
previous work in order to account for weakly non-linear wave excitation and shear 
deformable bodies over general bathymetries.  
In the present work, the finite element method is employed for the solution of the 1D 
hydroelastic problem of a uniform, elastic strip floating over an uneven bottom, under shallow 
water conditions. The employed shallow water assumption allows for the study of tsunami 
impact on large floating bodies, like VLFS. The Gao beam theory [21], accounting for large 
defections but infinitesimal strains, is used for the approximation of the elastic strip response 
while the non-linear shallow water theory is chosen for the hydrodynamic model. In Section 2 
of the paper the governing equations of the model in question are presented. Subsequently, in 
Section 3, the equivalent variational problem is derived and the proposed finite element 
scheme implementation is presented. In Section 4, a series of numerical results are presented 
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for a given configuration and variable steepness for the long wave excitation, in the form of 
an elevation pulse.  Finally, results of the hydroelastic code are provided for the case of an N-
wave excitation.  
2 GOVERNING EQUATIONS 
In this section, the hydroelastic problem of a thin, elastic strip floating over shallow 
waters is presented. At the area where hydroelastic coupling is present the following 
equations hold, 
 22 2 2 4 2 2( ) ( , )
2
w
t r t x x x x w w t xm I D s g q x t
                          (1) 
 [ ( ) ] 0t x xb x       , (2) 
 where a superimposed dot denotes differentiation with respect to time. In the above equations
w , g  are the water density and gravity acceleration respectively, ( , )q x t  denotes an external 
load applied to the beam and ( )b x   is the, possibly varying, bathymetry. Assuming that the 
density of the beam is e ,  its Elastic Modulus E   and Poisson’s coefficient  ,  while its 
thickness is  ,  the constants appearing in Eq. (1) are em     the mass per width, 
3 /12r eI    the rotary inertia per width and 
3 1 1(1 )(1 ) (1 2 ) /12D E v v v        is the 
flexural rigidity per width. Finally, 2 13 (1 ) / 2s E v    is the coefficient of the nonlinear term 
in the Gao beam model per width [21]. Compared to the classical Euler – Bernoulli beam, the 
above model incorporates the effects of rotary inertia, introduced by Lord Rayleigh and the 
nonlinear term 2 2( )x xS       derived by Gao for the large deflection of a thin beam, when 
non-negligible stress variation in the lateral direction is considered. In addition, the pressure 
forcing terms  2 / 2w w w xg          appearing in Eq. (1), include the nonlinear term 
 2 / 2w x   which is significant when the velocity xu    becomes large. 
In the regions where no floating structure is present, the Shallow Water Equations (SWE) are 
considered for the long wave propagation simulation. The equations read 
0,t x xu u u g             (3) 
 [ ( ) ] 0t x xb x       , (4) 
In the following, assuming sufficient regularity and introducing the velocity potential  
such that xu   ,  we will express equations (3) and (4) as a single evolution equation for  . 
For that, let us differentiate Eq. (3) with respect to t   and equation (4) with respect to x  , to 
get 
 2 2 2 21 02t xt xtu u g       ,      (5) 
 2 2 [ ( ) ] 0xt x b x u     , (6) 
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 Substituting the term 2xt   of equation (5) using (6) and setting xu   , 
   23 2 21 [ ( ) ] 0
2xtt xt x x x
g b x                 (7) 
Integrating (7) with respect to x  leads to, 
   23 2 21 [ ( ) ] 0
2xtt xt x x x
g b x                 (8) 
Select the constant ( ) 0C t  . Setting xu     directly in equation (3) and integrating with 
respect to x , we get 
 21 ( )
2t x x
g c t             (9) 
Setting ( ) 0c t    equation (9) becomes, 
 21 1
2 x tg g
            (10) 
Finally, eliminating   from Eq. (8) using Eq. (10) 
          2 32 1 1( ) 0
2 2t t x x x x x x t x
g b x                      (11) 
Introducing the nondimensional quantities 1x L x , 1/2 1/2t g L t , 1L  , 
1/2 3/2g L   , where L  denotes the Length of the beam, equations (1), (2) and (11) become, 
after dropping tildes 
 22 3 2 2 3 4 2 2 1( ) 2 ( , )t R t x x x x t xM I K S Q x t                          ,      (12) 
 [ ( ) ] 0t x xB x       , (13) 
       2 32 1 12 ( ) 2 0t t x x x x x x t xB x                    , (14) 






















( )( ) b xB x
L

( , )( , )
w
q x tQ x t
gL

 ,   and / 1L  . 
The bending moment and shear force inside the beam are 
3 2
b xM K    and    (15) 
3 3 3 2 1 33 ( )x R t x xV K I S     
       , (16) 
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In equation (12), there appear four constants, namely M , 3RI  , 
3K  and S . Observe that 
two of them scale as ( )O  , while the other two are 3( )O  . In addition, constants K  and S  
are inversely proportional to L , the length of the beam. 
2.1 Initial-Boundary Value Problem formulation 
In order to formulate the initial-boundary value problem of a freely-floating strip 
interacting with a surface wave over shallow water conditions, let us define the three non-






Figure 1: The initial boundary value problem configuration 
Considering the non-dimensional Eqs, (12)-(14), derived in the previous section, the IBV 
problem is, 
Find 0 0:   , :i i   , 0,1,2i  , such that    
       2 32 1 11 1 1 1 1 12 ( ) 2 0t t x x x x x x t xg b x                     , in 1 (0, ]T                 (17)
 
2 3 2 2 3 4 2 2




                                                 2 ( , )
t R t x x x x
t x
M I K S
Q x t
        
  
        
     
 (18) 
and  [ ( ) ] 0t x xB x        , in 0 (0, ]T  , (19) 
       2 32 1 12 2 2 2 2 22 ( ) 2 0t t x x x x x x t xg b x                     , in 2 (0, ]T  .       (20) 
with  212i t i x i       , 1, 2i  .  
The equations above are supplemented with the following boundary conditions, 
  
1 2(| | , ) (| | , ) 0x xx t x t         (0, ]t T   and               (21) 
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(0, ) (0, ) (1, ) (1, ) 0b bM t V t M t V t    , (0, ]t T .  
Appropriate interface conditions expressing mass and momentum conservation at the 
interfaces are 
   1 1 0 00 0(0 ) (0 , ) (0 ) (0 , )x xx xB t B t             , 1 00 0t tx x      , (0, ]t T      (22) 
   0 0 2 21 1(1 ) (1 , ) (1 ) (1 , )x xx xB t B t             , 0 21 1t tx x      , (0, ]t T  (23) 
The initial state for 0t   describing still water conditions and zero upper surface elevation 
for regions 1  and 0  , while imposing an initial upper surface elevation located at a 
subdomain of 2  are 
0 0( ,0) ( ,0) 0x x   ,  in 0 , (24) 
1 1( ,0) ( ,0) 0tx x    , in 1 ,                                               (25) 
2 2( ,0) 0, ( ,0) ( )tx x G x     , in 2 ,                                       (26) 
3 VARIATIONAL FORMULATION 
In the present section the variational formulation of the hydroelastic problem defined in 
Section 2.1 will be derived. Multiply Eqs. (17), (20) with 11 1( )w H   and 
1
2 2( )w H   
respectively. Multiply Eq. (18) with 2 0( )v H   (function v  is not to be confused with 




0 0 02 2
1 1 1 1 1 1 1 1
0 0 031
1 1 1 1 1 1 1
( )
( ) 2 0
t x tx x
x x x x x t x
w dx w dx w B x
w B x dx w dx w dx
    




        
          
 
  
 , for every 1w , 
 
 
2 3 2 3 2 2
0 0 00 0 0
1 3 3 3 3 2 1 3
0 0 0 00 0
23 2 1
0 0 0 00 0 0 0 0
3 ( ) 3 ( )
2 ( , )
L L L
t R x t x x x
LL
x x x R t x x
L L L LL
x x t x
M v dx I v dx K v dx
S v dx v K I S
K v v dx v dx v dx vQ x t dx
     
       
    
 

       
           
          
  

   
 , for every v , 
 0 0 0 0 0 0 0 0 00 0 [ ( ) ] ( ) 0
L L L




2 2 2 2 2 2 2 2
31
2 2 2 2 2 2 2
( )
( ) 2 0
t x tx x LL L
x x x x x t xL L L
w dx w dx w B x
w B x dx w dx w dx
    
   
  
  
        
          
 
  
 , for every 2w . 
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Using the boundary and interface conditions, described by Eqs. (21), (22), (23) the 
variational problem becomes, 
Find 0  and i , 0,1,2i  , such that for every 
1( )i iw H  , 0,1,2i   and 
2
0( )v H   it is 
 
 
0 0 02 2
1 1 1 1 1 1 1
0 031
1 1 1 1 1
2 3 2 3 2 2 1 3
0 0 0 00 0 0 0
21





t x tx x x
x x x t x
L L L L
t R x t x x x x x
L L L
t x
w dx w dx w B x dx
w dx w dx
M v dx I v dx K v dx S v dx
v dx v dx v dx w
   
  







      
      
           
     
  
 
   
  
 
0 0 0 00 0
2 2
2 2 2 2 2 2 2
31
2 2 2 2 2 0
[ ( ) ]
( )
2 ( , )
L L
t x x
t x tx x xL L L
L
x x x t xL L
dx w B x dx
w dx w dx w B x dx
w dx w dx vQ x t dx
  




    
      




     (27) 
and 1 1 1 0 0 0 2 2 2( ( ,0), ) ( ( ,0), ) ( ( ,0), ) 0x w x w x w     , 0 0 0 1 1 1( ( ,0), ) ( ( ,0), ) 0tx w x w    , 
   2 2 22 2( ,0), ( ),t x w G x w   , ( , )i , 0,1,2i   being the 
2L -inner product in region i .      
3.1 Finite Element Implementation 
The numerical solution of the variational problem described in Eq. (27) is derived by 
means of the finite element method. The free water surface regions are approximated by 
quadratic Lagrange elements while a special element is introduced for the hydroelasticity 
dominated region. The reader is directed to the work of Papathanasiou et al. [17] for a more in 
depth analysis. The hydroelastic element incorporates fifth order Hermite polynomials for the 
interpolation of the beam deflection/upper surface elevation in the domain of the hydroelastic 
coupling and fourth order Lagrange polynomials for the interpolation of the velocity potential 
(see Fig. 2). The straightforward discretization of Eq. (27), and the substitution of the 
approximate solutions results in the following system of nonlinear ordinary differential 
equations, 
   ( ) ( ) 0u u u u u  M C K  . (28) 
After setting u y  and taking T[ ]u yz  , Eq. (28) is reduced to the first order system of 
nonlinear equations , ( ) 0z z z A B . This last equation is integrated with respect to time 




Figure 2: Schematic of the special hydroelastic finite element [17].  
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4 NUMERICAL RESULTS 
Numerical results for the proposed, higher-order finite element methodology will be presented 
in this section. The cases of an elevated and an N-wave pulse, typical in long wave modelling, 
are considered. The elevated pulse is given by 
2
0 0 0( ) ( )(( ) exp( )x w x x w x x wG x A x x          ,     (29) 
where A  is the amplitude, 0x  is the point of origin, w  is the wavelength and   is a positive 
parameter controlling the smoothness of the initial pulse. For the isosceles N-wave profile, 
following Tadepalli and Synolakis [22], initial excitation is given by, 
2
0 03
3( ) ( )sech ( ( ))
4
AG x Ad x x x x
d
   ,     (30) 
where d  is the local depth at the origin. Figure 3, shows the corresponding initial upper 
surface disturbance, for each of the considered cases, that is allowed to propagate in the free 
surface region 2 . 
  
(a) (b) 
Figure 3: (a)  Initial excitation in the form of an elevated pulse with 0.4A m and wavelength 265w m  (b) 
Initial excitation in the form of an N-wave with 0.4A m and 265L m  
The bathymetric profile considered in the following examples is kept flat underneath the 
strip, at a depth of 5 m  . At a distance, equal to strip length, from the right edge of the floating 
body the depth is allowed to increase linearly until it is kept constant at 15 m   for the rest of 
the 2 subdomain. Furthermore, the strip thickness is assumed uniform at 2 m , while its 
length is taken as 500 m . Finally, the material constants selected are material density
3922.5 /e kg m  , water density 
31025 /w kg m  , Young’s modulus
95 10E Pa   and 
Poisson’s ratio 0.3v  . The acceleration of gravity is 210 / secg m . 
4.1 Elevation pulse 
For the following analysis 100 special hydroelastic elements ( 0 ) and 10000 time steps 
were used for the calculation of the transient strip response. The elevation pulse parameters 
are 50   and 0.4A . In Figure 3, a visual representation of the upper surface elevation 
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solution is shown against time. At the beginning of time, the free surface disturbance set to 
originate in 2 , splits into two propagating waves, travelling in opposite directions. The 
excitation is partially reflected when it reaches the inclined seabed, and later when it impacts 
the strip edge (at the interface between 2 and 0 ). As the pulse reaches the strip, the 
hydroelastic wave begins to propagate, showing clear signs of dispersion. The waves 
propagating over shallower bathymetry travel at lower speeds, as expected. 
 
Figure 4: Space-time plot of the elevation pulse propagation. Mild reflection due to variable bathymetry and 
reflected pulses from the interaction with the floating strip are evident.  
 
 
Figure 5: Deflection comparison between the linear and the non-linear models, 0.2A  and 265L m . 
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In Figures 5 and 6, solutions for the strip deflection using the previously described non-
linear model (continuous line) and the linear Euler Bernoulli beam coupled with the linearised 
shallow water equations [17] (dashed line) are compared, for different values of initial 
disturbance amplitude, namely 0.2 and 0.4A  , at various moments in time. The same spatial 
and temporal discretizations were used for the derivation of the upper surface/deflection 
solutions.   Notably, the wavelength was kept constant at 265w m  , hence the steepness of 
the initial pulse increases with increasing amplitude. The deviation between the calculated 
solutions is also presented. In Figure 3, the deviation between the two models, reaches 40 %, 
marking the importance of non-linear effects when studying the response of thin, elastic 
strips. As expected, when the elevation pulse steepness increases, in Figure 6, ( 0.4A  ) the 
deviation between the two models becomes clearer, reaching 65%. The above fact renders 
non-linear effects critical for the study of the transient hydroelastic response of large floating 
bodies.  
 
Figure 6: Deflection comparison between the linear and the non-linear models, 0.4A  and 265L m . 
4.2 N-wave 
Finally, the case of an incoming N-wave excitation was considered. The amplitude was 
kept at 0.4A .  Figure 7, in a similar manner, shows a comparison between the strip 
deflections calculated with the linear and the non-linear models. The deviations in the 
calculated deflection solutions, between the two models exceed 100% in some instances. This 
is attributed to the complex form of the excitation. As it can be seen in Fig. 3, the steepness of 
the N-wave form is greater than that of the elevated pulse (regardless of the value for the 
smoothness parameter  ) for the same amplitude and wavelength values. This is 
straightforward, since the same amplitude is reached within the halfwavelength by the N-
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wave. Hence, once again the observed deviations are linked with increasing pulse steepness. 
Non-linear effects are bound to become dominant for N-wave excitations, making the large 
deflection assumption made in the present analysis a valid first approximation of such 
phenomena. 
 
Figure 7: Deflection comparison between the linear and the non-linear models, N-wave case 0.4A  and
265L m .  
5 CONCLUSIONS 
A higher order finite element method is presented for the solution of the non-linear, 
hydroelastic problem of a floating strip over shallow water bathymetry. In the present work, 
the shallow water equations coupled with the Gao [21] non-linear thin beam model, are 
considered. The proposed higher-order, finite element method incorporates Hermite 
polynomials of fifth degree for the approximation of the beam deflection/upper surface 
elevation in the hydroelastic coupling region and 5-node Lagrange finite elements for the 
simulation of the velocity potential in the water region. The resulting second order ordinary 
differential equation system is converted into a first order one and integrated with respect to 
time with the Crank-Nicolson method. This finite element scheme has already been applied to 
the hydroelastic analysis of linear Euler-Bernoulli beams [17] and is now extended to a 
nonlinear strip simulation.   
Subsequently, the effect of non-linearity, imposed by the large deflections assumption of 
the beam model is explored. Numerical results, using an elevation pulse and an N-wave as 
initial excitations, are presented. When compared with the linear Euler-Bernoulli model 
coupled with the linearised shallow water equations, it becomes evident that non-linear effects 
increase with increasing excitation steepness.  The deviation between the two models peaks at 
65% for the case of a ‘steep’ elevation pulse, while for the case of an N-wave, exhibiting the 
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same amplitude and wavelength characteristics, deviation exceeds 100%. The present work is 
a stepping stone towards the implementation of higher-order finite element schemes in the 
solution of the hydroelastic problem of floating bodies, including non-linear effects. Possible 
extensions include the incorporation of shear deformable floating bodies and inhomogeneous 
environments of general bathymetry. 
REFERENCES 
[1] Wang, C.M., Watanabe, E. and Utsunomiya, T. Very large floating structures. 
London, UK: Taylor and Francis (2008). 
[2] Chen, X.J., Wu, Y.S., Cui, W.C. and Juncher Jensen, J.  Review of hydroelasticity 
theories for global response of marine structures. Ocean Eng. (2006) 33:439–457. 
(doi:10.1016/j.oceaneng.2004.04.010) 
[3] Watanabe, E., Utsunomiya, T. and Wang, C.M. Hydroelastic analysis of pontoon-type 
VLFS: a literature survey. Eng. Struct (2004). 26:245–256. 
(doi:10.1016/j.engstruct.2003.10.001) 
[4] Squire, V. A. Synergies between VLFS Hydroelasticity and Sea Ice Reasearch, Int. J. 
offshore polar (2008), 18 (3):1-13. 
[5] Squire, V.A. Of ocean waves and sea-ice revisited. Cold Reg. Sci.Technol (2007), 
49:110–133.  
[6] Evans, D.V. and Davies, T.V. Wave–ice interaction. Report No. 1313 (1968), 
Davidson Lab, Stevens Institute of Technology, Hoboken, NJ, USA. 
[7] Meylan, M.H. and Squire, V.A. The response of ice floes to ocean waves. J. Geophys. 
Res. (1994), 99:899–900. 
[8]  Meylan, M.H. Wave response of an ice floe of arbitrary geometry. J. Geophys. Res. 
(2002) 107:5-1–5-11. 
[9] Chen, XJ, Jensen, J.J., Cui, W.C. and Fu, S.X. Hydroelasticity of a floating plate in 
multidirectional waves. Ocean Eng. (2003) 30:1997–2017.  
[10] Endo, H., Yoshida, K. Timoshenko equation of vibration for plate-like floating 
structures. In Proc. of 2nd Int. Conf. on Hydroelasticity in Marine Technol, (1998), 
255–264, Fukuoka, Japan. 
[11] Papathanasiou, T.K. and Belibassakis K.A. Hydroelastic analysis of VLFS based on a 
consistent coupled mode system and FEM. IES J. Part A Civil Struct. Eng (2014), 
7:195–206.  
[12] Kim, J.W. and Ertekin, R.C. An eigenfunction-expansion method for predicting 
hydroelastic behaviour of a shallow-draft VLFS. In Proc. 2nd Int. Conf. Hydroelastic 
Marine Tech (1998) (eds M Kashiwagi, WKoterayama, M Ohkusu). Fukuoka, Japan: 
RIAM. 
[13] Kashiwagi, M.A. B-spline Galerkin scheme for calculating the hydroelastic response 
of a very large floating structure waves. J. Mar. Sci. Tech. (1998) 3: 37–49. 
1121
Angeliki E. Karperaki, Kostas A. Belibasakis, Theodosios K. Papathanasiou and Stilianos I. Markolefas. 
 13 
(doi:10.1007/BF01239805) 
[14] Watanabe, E., Utsunomiya, T. Transient response analysis of a VLFS at airplane 
landing. In Proc. Int.Workshop on Very Large Floating Structures (1996) (eds 
YWatanabe, EWatanabe), 243–247. Hayama, Japan. 
[15] Watanabe, E., Utsunomiya, T. and Tanigaki, S. A transient response analysis of a very 
large floating structure by finite element method. Struct. Eng. Earthquake Eng. 
(1998), 15:155–163. 
[16] Sturova, I.V. Time- dependent response of a heterogeneous elastic plate floating on 
shallow water of variable depth. J. Fluid Mech. (2009), 637:305-325. 
[17] Papathanasiou, T. K., Karperaki, A., Theotokoglou, E. E. and Belibassakis, K. A. A 
higher order FEM for time-domain hydroelastic analysis of large floating bodies in an 
inhomogeneous shallow water environment, Proceedings of the Royal Society A 
(2014), 471:2175.  
[18] Belibassakis KA, Athanassoulis GA. A coupled mode model for the hydroelastic 
analysis of large floating bodies over variable bathymetry regions. J. Fluid Mech. 
(2005) 531: 221–249.  
[19] Belibassakis KA, Athanassoulis GA. A couple-mode technique for weakly non-linear 
wave interaction with large floating structures lying over variable bathymetry. App. 
Ocean Res. (2006) 28:59–76.  
[20] Athanassoulis, G.A. and Belibassakis K.A. A novel-coupled mode theory with 
application to hydroelastic analysis of thick, non-uniform floating bodies over general 
bathymetry. J. Eng.Marit. Environ (2009), 223:419–437.  
[21] Gao, D.Y. Nonlinear elastic beam theory with applications to contact problems and 
variational approaches, Mech. Res. Commun. (1996), 23:1117. 
[22] Tadepalli, S. and Synolakis, K Model for the leading waves of tsunamis, Phys. Rev. 
Lett. (1996), 77:2141-2144. 
 
1122
